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Preface
The goal of a mini-project is to study modern techniques of mathematical
modeling and computer simulation of dynamical systems. When carrying out the
mini project, students construct mathematical models, translate them into computer
models for a chosen computer modeling and simulation (CMS) environment, and
simulate the models, conduct a series of numerical experiments. These experiments
are carried out not only to study the behavior of the modelled system, but also to
identify the features, capabilities and limitations of the CMS environment used.
The assignments in the frame of a mini project include both mathematical
problem statements and examples of real dynamical systems. The mathematical
problems are aimed at studying the behavioral features of dynamical processes and
testing theory in practice. Modeling real systems involves identifying the modes of
a system, constructing a mathematical model of the system, grounded choice of the
model parameters, design of the experiments, and evaluating the results obtained.

3

1. General guidelines
A project consists of three parts. In the first part, Students study a dynamical
system, the behavior of which is described by a second order differential equation.
The model should behave in a given way (to have a given fixed point). Students
plot its solutions and phase space trajectories. In the second part, students analyze a
pendulum which is a second order system too. The pendulum is under the action of
some force changing nonlinearly. In the third part, a real system is modelled.
Students construct a mathematical model making acceptable simplifications and
then build a corresponding computer model. Most likely, the model is hybrid
including both continuous modes and discrete events. Then a series of numerical
experiments is carried out. The results obtained should be compared with the
theoretical concepts and expectations on the operation of the system studied.
Mathematical models are built on the basis of knows physical (mechanical,
chemical, hydraulic, et cetera) systems, the techniques of analysis and synthesis of
control systems. Students should indicate the features, assumptions, limitations and
simplifications of the model.
When implementing the model in a CMS environment, students should learn
the capabilities and features of the environment, such as the way a model is
represented (textual, graphical, mixed), if a model can be edited and how, the
availability and completeness of the component libraries (both standard and
special), the facilities for checking the correctness of a model (error handling and
error-recovery).
An important phase is simulation. The experiments are aimed at identifying
the features of the behavior of the modelled system, evaluating the mathematical
model and its implementation in the CMS environment. Students should pay
attention to how changing the model parameters influences the quantitative and
qualitative characteristics of the system’s behavior. On the other hand, the students
should estimate how chosen simulation algorithms (numerical methods, hybrid
system event detection algorithms, et cetera) and their parameters (tolerance,
4

integration step size, the length of time simulated) influence the correctness of the
results obtained.
Students should also pay attention to a way simulation results are
represented, facilities of the CMS environment to process, visualize and export the
data obtained.
The questions in this section are recommended to study carrying out the
project. On the basis of them, students write a report and a slide-show of the
project results. New problems and results are recommended to be included in the
report and be presented while defending the project.
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2. Models having a certain equilibrium point
2.1. Basic definitions
The state of a dynamical system, whose order is n , at any time instant is
defined by a list of the values of n state variables. Given an n -dimensional space,
whose basis vectors are aligned with the coordinates axes, the coordinates
correspond to the certain point, so-called representing point. The space is referred
to as a phase space.
If the coordinates of the system change over time, the representing point
moves along a curve said a phase space trajectory. The motion of the representing
point along a phase space trajectory is a geometrical interpretation of the operation
of the system.
Since using a multi-dimensional space is rather complicated, the phase
trajectory method is more often used to study linear 2nd order systems ( n  2 ). In
this case, the phase space reduces to the phase plane. Each point of a phase plane,
except equilibrium (fixed) points, is passed through by only a single phase space
trajectory. A set of distinct phase space trajectories is called a phase portrait.
Given a system of linear ordinary differential equations with constant
coefficients
ds
 As  b,
dt

(2.1)

the behavior of its solution
s  t   eAt s0  A1  eAt  E  b , det  A  0

is determined only by the eigenvalues of the A matrix.
Indeed, the solution s  t  to (2.1) differs from the solution y  t  to a system
dy
 Ay
dt

only in a constant A 1b :
ds
 As  Eb  As  AA-1b  A  s  A -1b  ,
dt
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y  s  A 1b 

dy
 Ay, y  0   y 0  x0  A-1b ,
dt

so the diversity of the behaviors is determined by the eigenvalues of the A .
It is known, that by using a similarity transformation S not affecting the
eigenvalues of an initial system, the initial matrix A can be transformed to a
matrix S1AS  Λ of a “simpler” form. For the sake of simplicity, suppose that
both matrices A , S nn have only real entries and their order n is two.
The possible types of the matrix Λ are

 0 
, Λd   0
ΛR   1

 0 2 
0

0

, ΛG   0

0 
0

1

, ΛC  

0 
 


.
 

The existence of a similarity transformation matrix makes it even easier to
study the behavior of solutions to linear systems, as only equations
dz
 z , z = A -1s
dt

should be considered.
We write all the independent solutions to each of the four systems
corresponding to different simple types:
 two distinct real roots; the solutions are e1t , e2t ;
 single real root; that is the same solution is a solutions to two same
equations, as the similarity transformation matrix is equal to the identity
matrix, in this case; the solution is e0t ;
 multiple real roots; the solutions are e0t , te0t ;
 a complex root and its conjugate   i ; the solutions are et sin  t  ,
et cos  t  .

This is the whole variety of the solutions to linear equations in the plane. It
is almost obvious that dealing with a higher dimensional space, one does not
expect a qualitatively different behavior. If the system’s matrix is not singular, a
dynamical system defined by a system of linear differential equations with constant
coefficients has only one equilibrium point
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s*: As  b  0  s*  A-1b ,

which is either stable or unstable.
In general, the matrix A of a 2nd order system is
a 
a
A   11 12  .
 a21 a22 

The equilibrium points of a system

ds
 As are shown in Table 2.1. As one
dt

knows, the type of an equilibrium point and its stability properties can be
determined without getting the eigenvalues 1 and 2 of the matrix A , once its
trace trA  a11  a22 and determinant det A  a11a22  a12a21 has been calculated.
Table 2.1. Equilibrium points
Type
Stable node

Phase space
trajectories
The eigenvalues 1 and 2 are real Parabolas
and negative ( 1  0 , 2  0 ).
Characteristics

0  det A   trA 2 
Conditions
and trA  0 are met.
Special cases: star and improper
2
node, when det A   trA 2  and
trA  0 hold.
A stable star arises when the matrix
A has the following form:
a 0
Then
a  0.
A
,
0 a
1  2  a .
A stable improper node arises when
the elements a12 and a21 of the
matrix A simultaneously are not
equal to zero and 1  2  0 .
The eigenvalues 1 and 2 are real Parabolas
and positive ( 1  0 , 2  0 ).
2

Unstable node

0  det A   trA 2 
Conditions
and trA  0 are met.
Special cases: star and improper
2
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when det A   trA 2  and trA  0
hold.
An unstable star arises if the matrix
A has the following form:
a 0
Then
a  0.
A
,
0
a


1  2  a .
An unstable improper node arises
when the elements a12 and a21 of
the matrix A are simultaneously
not equal to zero and 1  2  0 .
The eigenvalues 1 and 2 are Logarithmic spirals
complex whose real parts are
negative
( 1    j ,
2    j ,   0 ).
In
this
case,
conditions
2
det A   trA 2  and trA  0 are
met.
2

Stable spiral point

Unstable
point

Saddle
(hyperbolic
point)

spiral The eigenvalues 1 and 2
complex whose real parts
positive ( 1    j , 2   
  0 ).
2
Conditions det A   trA 2 
trA  0 are met.

are Logarithmic spirals
are
j ,
and

point The eigenvalues 1 and 2 are real Hyperbolas
fixed with different signs ( 1  0 ,
2  0 ).
In this case, the determinant of the
matrix A is negative ( det A  0 ).

Elliptic fixed point The real parts of the eigenvalues 1 Ellipses or circles
and 2 are zero ( 1   j  ,
2  j  ).
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In this case, conditions det A  0
and trA  0 are met.

2.2. Assignments
Numerically solve the following equations, plot the solution and obtain
phase portrait of the system. Adjust the eigenvalues of the matrix, the equilibrium
point to belong to the specified type.
ds
 As  b; s, b 2 ,
dt

A  S
0

0  1
 1  1

,
,
A

S
S
A

S
S
0 
 
 




  1
S .
 

Assignments are given in Table 2.2.

Table 2.2. Assignments for the first part
No.

Equilibrium point type

Similarity transformation

1

Stable node

Matrix А

2

Unstable node

Matrix B

3

Stable star

Reflection matrix

4

Unstable star

Rotation matrix

5

Stable improper node

Matrix А

6

Unstable improper node

Matrix B

7

Saddle

Reflection matrix

8

Elliptic fixed point

Rotation matrix

9

Stable spiral point

Matrix А

10

Unstable spiral point

Matrix B

11

Stable node

Reflection matrix

12

Unstable node

Rotation matrix
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Matrix A: S  E  uvT ; S1  E  uvT ;  u, v   0 .
Matrix B: S  E  uvT ; S 1  E 

1
uvT ;  u, v   d .
1 d

Reflection matrix: H  E   uuT ;  

2
; H1  H .
T
u u

Givens rotation matrix:
cos 
G    
 sin 

 sin  
; G 1    G    .

cos 

2.3. Sample assignment
Suppose that we are to construct and solve a system of equations with an
equilibrium point of the “stable spiral point” type. We adjust the entries of the
matrix A , the conditions det A   trA 2  and trA  0 to hold. Doing it, we
2

obtain:

A  S
 

The

determinant

  1
 2 1  1
S

S
 1 2 S .
 



 2 1 
det 
 5

1

2



and

the

trace

of

the

matrix

 2 1 
tr 
  4 . The real parts of the eigenvalues 1,2  2  j are negative.
 1 2

Thus, we have a system with an “stable spiral point” equilibrium point.
Choose the b vector: b   2 3 .
T

We have a system of differential equations:
ds1
 2s1  s2  2,
dt
ds2
  s1  2s2  3.
dt
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By choosing different initial conditions and solving the ODEs, we obtain the
solutions (Fig. 2.1) and the phase portrait (Fig. 2.2).

s1
s2

Fig. 2.1. Solution

s2

s1
Fig. 2.2. Phase portrait
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3. Second order system
3.1. Basic definitions
Let’s consider an oscillating pendulum under the action of a periodic
piecewise constant force (relay pendulum):
d 2x
dx
 a  f  x  0 ,
2
dt
dt
 b , 0  x ,
f  x   1
b2 ,    x  0.

The function f  x  has discontinuities and is nonlinear, so in order to
simulate such a system, one has to use special symbolic computation and
numerical methods. Nonlinear elements can be represented as nonlinear static or
dynamic characteristics. In the latter case, the process is described by nonlinear
differential equations.
The main dynamical characteristic of a nonlinear element or system is a
nonlinear ordinary differential equation. Generally, the behavior of a MIMO
(multiple inputs, multiple outputs) system is described by the following state and
output equations:
n
m

x '  f  t , x, u  , x  , u  ,

m

y  g  t , x  , y  , n  m.

where x – n -dimensional state vector; u – m -dimensional input (control) vector;
y – m -dimensional output vector; f  t , x, u  and g  t , x  are nonlinear vector

functions. The dependence of these functions on t models disturbances. Note, that
both the influence of the environment and changes of the object parameters are
called disturbances.
In a particular case, the control signal is included in the state equation as a
sum with nonlinear coefficients

 x '  f  t , x   B  t , x   u,


y  g  t , x  ,
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where B  t , x  is the n  m nonlinear coefficients matrix. Such systems are called
nonlinear time-variant systems with additive control.
If the parameters of a system does not change over time and the disturbances
are negligible, the system is said to be nonlinear time-invariant system. Its model
has the following form:
x '  f  x   B  x   u,

y  g  x  .

In the case, when the control signal is lacking, the system is said to be
nonlinear time-variant autonomous system which is described by the following
equations:
x '  f  t , x  ,

y  g  t , x  .

If the functions f and g do not depend on time, the system is said to be
nonlinear time-invariant autonomous system.
Before modeling a whole control system, one obtains descriptions of its
individual elements as equations which are tried to be linearized if possible. The
elements, whose equations can be linearized, form the linear part of the system,
whereas the components whose behaviors are described by nonlinear equations,
make its nonlinear part. It results in a system described combinedly (Fig. 3.1). NP
is the nonlinear part of a system consisting of all the nonlinear elements, LP is the
linear part.
Δ

v

y

u
NP

LP

-

Fig. 3.1. Block diagram of a combined system
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A static nonlinearity, whose output and input values are related according to
u  f  Δ  , is often considered as the nonlinear part of a combined system.

Examples of static nonlinearities are given in Fig. 3.2.

a

b
c
d
Fig. 3.2. – Static characteristics of nonlinear elements:

a – relay; b – saturation; c – relay with a dead zone; d – hysteresis relay
Note some peculiarities of the operation of a nonlinear system.
 Given a nonlinear system, the type and form of its transient response
significantly depend on the value of the input change and the initial
conditions. A stable transient response can become unstable.
 A change of the initial conditions may also lead to different transient
responses, for instance, start oscillations.
 An important peculiarity of a nonlinear system consists in that the
superposition principle does not apply to it. The response a nonlinear
control system to multiple arbitrary external influences can not be
regarded as a sum of the individual responses to all the influences, as the
response depends on the input value and the initial conditions.
 A feature of a nonlinear system is that a self-oscillation, that is an internal
periodic process whose properties (the frequency and the phase) does not
depend on the initial conditions, may occur.
 A nonlinear system may have several steady states, which attract the
transient states depending on the initial conditions and input.
One should take into account the abovementioned features, when modeling
and simulating with the aid of a computer.
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3.2. Assignments
Pendulum 1
Numerically solve the following equation
d 2x
 k1F  k2 x  k3 sin  k4t 
dt 2

where k1 , k2 , k3 , k4 are constants, F is an external force. The constants which
determine the form of the function ( K the maximum absolute value of the function,
a  0 , b  0 , d  0 – constants which determine the points at which the function’s

value is zero) are yours to choose. The input influence F  y should be taken from
Table 3.1 to number given you.
Table 3.1. Assignment for the “Pendulum 1” problem from the second part
No.

Static characteristic F  x   y  x 
Plot

Mathematical description

1.a

y  K  sign  x 

1.b

dx

 K  sign  x  a  , dt  0,
y
 K  sign  x  a  , dx  0.

dt

1.c

y

K
  sign  x  a   sign  x  a  
2
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No.

Static characteristic F  x   y  x 
Plot

1.d

Mathematical description
dx
K


,
 0,
 2
dt
y
 K   , dx  0,
 2
dt
  sign  x  a   sign  x  ba  ,

  sign  x  a   sign  x  ba  ,
b  1.

1.e

To be obtained by you

1.f

To be obtained by you

1.g

To be obtained by you

1.h

To be obtained by you
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Static characteristic F  x   y  x 

No.

Plot

Mathematical description

1.i

1.j

y

2K

y

K






K



 arctg   x 

 arctg   x  a  
 arctg   x  a 

Pendulum 2
Numerically solve the following equation
d 2x
 2  F  x   sin  t  , x  0   x0 .
dt

The input influence F  y should be taken from Table 3.2 according to the number
given you. What happens to the trajectories if the harmonic force:
a) is lacking;
b) is periodically “switched off”;
c) always exists.
Table 3.2. Assignments for the problem “Pendulum 2” from the second part
No.

Static characteristics F  x   y  x 

2.a

y  K  sign  x  , K  0
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2.b

 p  x, x  L, p  0,

y   p  L, x  L ,
 p  L, x  L.


2.c

0, x  L, p  0,

y   p , x  L,
 p, x  L.


2.d

 p  x  c, x  0, p  0, c  0,
y
 p  x  c, x  0.

2.e

 p1  x  c1 , x  L  0, p1  0, c1  0,
y
 p2  x  c2 , x  L, p2  0, c2  0.

2.f

0, x  L,

y   p  x  c1 , x  L, p  L  c1  0,
 p  x  c , x  L,  p  L  c  0.

2
2

3.3. Sample assignment
Let’s solve an equation
d 2x
 2  F  x   sin  t  , x  0   x0 ,
dt

where
dx

K

sign
x

a
,
 0,



dt
F  x  
 K  sign  x  a  , dx  0.

dt

Let   1.2 , K  0.8 , a  0.4 . The sinusoidal influence always exists.
We denote y1  t   x  t  , y2  t   x  t  and construct a first order system of
differential equations:
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dy1
 y2 ,
dt
dy2 1
  sin  t   F  y1   ,
dt 
 K  sign  y1  a  , y2  0,
F  y1   
 K  sign  y1  a  , y2  0.

Provided initial conditions y1  0   x  0  and y2  0   x  0  , the solution
x  t  is equal to y1  t  . Given zero initial conditions, the solution x  t  is as shown

in Fig. 3.3.

x

t
Figure 3.3. Solution x  t 
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4. Modeling and simulation of event-continuous systems
4.1. Basic definitions
The functioning of a system often consists of several qualitatively different
behaviors sequentially changing each other over time. Engineers usually call them
modes. Once a mode switches, the phase variables may instantly change. Each
distinct behavior can be connected to the value of some discrete variable, whereas
the instant switchings can be associated with discrete events. A set of discrete
states and the conditions of the transitions between them defines the discrete
behavior of a system. Since the system behaves as a continuous system in each
discrete state, the system’s behavior is said to be discrete-continuous or hybrid.
In general, the global behavior С of a hybrid system depends on the set of
the continuous behaviors {c j , j  1,..., m}. Qualitative changes to the behaviors
occur instantly at some instants of time t  t *j . The continuous behavior of a system
over a time interval [t j ,0 , t j ,k ] can be described by a state vector x j (t ) n , where
 is the set of all real numbers, and be defined by some function f j . The discrete

behavior of a hybrid system id described by a cause and effect chain of events:
E0  (t0 , x0 )  E1  (t1, x1 )  ...  E j  (t j , x j )  ... . Once an event occurs, the

current local state or mode of the hybrid system changes.
Let f j be from the class of ordinary differential equations (ODE) in the
Cauchy form with some constraints, that is
dx j
dt





 f j x j (t ), t , pr j : g j (x j , t )  0 , x j  t j ,0   x j,0 ,

(4.1)

where x j n is the state vector; t is the independent variable; f j :  n  n
is a nonlinear Lipschitz continuous vector function; g j :  n  m is the
nonlinear event vector-valued function; x j,0 n is the vector of the initial
conditions. The domain of existence of a behavior c j in the extended phase space
21

(t , x j ) n 1 is defined by a predicate pr j  B , B  true, false , which is true
true within the domain of existence of c j , and is false outside of it. Thus, the

instant of time t  t *j , when the next event E j occurs, is determined by the time
instant, when pr j changes from true to false . In spite of the fact that in any
physical system time t  is continuous, discrete instants of time t *j can be
considered as a subset of the set of instants of continuous time.
A continuously differentiable function g j (x j , t ) is referred to as an event
function or a guard. An event function g j (x j , t ) behaves in the way that the
corresponding predicate pr j : g j (x j , t )  0 is true on the whole half-open interval



of the mode solution t j ,0 , t *j  [t j ,0 , t j ,k ] . An event surface is the boundary of

such a domain G  n that g j (x j , t )  0 and t  t j * on the boundary. Note that the
accuracy of location of the mode switching point t j* for a hybrid system
significantly depends on the form of the event function g j (x j , t ) , linearization of
which not only increases the dimensionality of the problem, but also decreases the
accuracy of the mode switching point detection.
An event is such a state of a system in space and time (t , x j ) n 1 that
g j (x j , t ) is on the event surface g j (x j , t )  0 . A switching of modes of a hybrid

system results in a solution of to the initial value problem (the Cauchy problem)
having discontinuities. These discontinuities are caused by abrupt changes of the
initial conditions, the parameters in the right-hand side, the right-hand side with
and without changing the set of phase variables, et cetera.
When writing the equations of a mode, we will omit the index j later, if it
does not cause ambiguity.
Change of initial conditions
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Provided that

xi | i  J  1, n

x(t*  0)  x(t*  0) , abrupt changing some elements

of the vector x can be seen as the result of the instantaneous

execution of some sequential assignment statements xi : xi* at the instant of time
t * , when the switching happens. At this time, the initial conditions are “sewed” to

the previous solution.
The events of this type can be illustrated with the aid of a model of a body
that freely falls and then instantaneously elastically bounces off the ground. The
system has one mode “Flight”. In this case, the event function may be of the form
g( y)   y . When the body touches the ground, the distance to the ground y  0

and the vertical speed v y  0 . The predicate pr is false , the sign of the vertical
speed is changed to the opposite one, that is v y  v y . The system returns to the
mode “Flight”, but the integration process continues with the new initial
conditions. Thus, the behavior of a hybrid system can be described quite
satisfactorily as a sequence of “sewed” solutions of the differential equation over
separate solution intervals.

Changing the parameters in the right-hand side
Let’s transform (4.1) with parameters ω n to the following form:
dx
 f (x, t , ω) , x  t0   x0 , t  t0 , tk  ,
dt

and consider two ways of changing the values of the parameters ω : adding new
phase variables; adding binary components to the right-hand side of the initial
problem (4.1).
Extending state vector
Let us add parameters ω n to the set of the phase variables. In that case,
given ω  const , a new model of a hybrid system can be defined as
dx
dω
 f (x, t , ω) ,
 0 , x  t0   x0 , ω  t0   ω0 , t  t0 , tk 
dt
dt
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with the extended state vector (x, ω) n  n . Then the solution is found by
“sewing” the solutions of the initial problem over intervals t0j , t *j  , while the
current time falls within which the parameters are constant and the initial
conditions abruptly change at instants of time t *j .
In order to illustrate the use of the extending state vector technique, let us
consider a hybrid system, an event in which is a change of parameters in the righthand side. Given an electrical network in Fig. 4.1, let the electrical resistance to
change   R depending on the state of the switch.

Fig. 4.1. An elementary electrical network with a switch
The behavior of the network is described by the equation
t

di
1
L  iR   id  E ,
dt
c0

and if R changes periodically, R(t )  R(t  T ) , for instance according to the
formula

 R1 , t   0,1 , t   2,3 , ;
R

 R2 , t  1,2  , t  3,4  , ,

we have a system with instantaneous changing parameters at instants of time
t *  1, 2, ... . We transform it to the following form
t

1
di
du 1
L  iR  u  E , u   id ,
 i,
c0
dt
dt c

and add new differential equations
di 1
du 1 dR
  (iR  u )  E  ,
 i,
 0.
dt L
dt c dt
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The latter system is equal to the former, if it is deals as a collection of
systems, the initial conditions of whose last equation periodically change at
instants of time t *  1, 2, ... . At these instants, when the initial conditions abruptly
change, the phase variables i and u are “glued” together, forming continuous
functions, and R abruptly changes, that is behaves as a piecewise continuous
function. Thus, changing the parameters in the right-hand side is equal to changing
the initial conditions.
Adding binary components
Let us consider the same problem of periodical abrupt changing the
parameters in the right-hand side of a differential equations system in a slightly
different way. Let u  t  be the following control signal:
t 
u (t )  t   T   ,
T 

where [] is the floor function. Then the system of differential equations for the
problem is of the following form:
di 1
du 1
    iR  u   E  ,
 i , R  R1 1  u  t    R2u (t ) ,
dt L
dt c

note that the parameters in the right-hand side changes automatically. In this case,
the function u  t  behaves as a binary component (whose values are 0 and 1) and
controls the parameters in the right-hand side of the ODEs.
Changing the right-hand side without changing the shape of state vector
In this case, the function f is changed. A falling of a ball on a spring
located vertically is an example of such a hybrid system. Once the ball touches the
spring, the spring reaction force is included to the equation of the ball’s motion.
Let the ball be falling from a height H on the movable end of the spring, whose
constant is K and length is H s ( H s  H ). The spring is weightless, is located
vertically, and is attached to the ground. While y  H s holds, the motion of the
ball is governed by the equations of free fall. While y  H s holds, the motion of
the ball is described by
25

dv y
dy
 K ( H s  y )  q.
 vy,
dt
dt

Simulation results are shown in Fig. 4.2.
v(y)
9,86
6,57
3,29
0
–3,29
–6,57
y

–9,86
1,47

2,93

4,4

5,87

8,8

7,33

10,3

Fig. 4.2. A ball falling on a spring. Phase plot
Changing the right-hand side and the set of phase variables
Let us consider a situation when the occupancies of events in hybrid system
cause qualitative changing its local behavior. For example, a particle attached to a
weightless inextensible rod of length L, whose another end is attached to the origin
of the coordinate system via a bushing (Fig. 4.3).
y
x


g

Fig. 4.3. Tearing pendulum
When oscillating, the mode of the pendulum is defined by the following
equations:

   ,    g sin( ) L ,
x  L sin( ), y   L cos( ),

v x   cos( ), v y   sin( ),

 (0)  0 ,  (0)  0 .
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Let the ball’s fastening be destroyed and the ball to continue its motion
independently. The ball’s motion after the event is defined by the new equations
with the new set of the phase variables:
dv y
dx
dy
 vx ,
vy,
 g .
dt
dt
dt

The initial conditions on the variables of the new equation system,
describing the flight, are calculated at the instant of time t * as
x(t * )  L sin( ) , y(t * )   L cos( ) ,

v x (t * )   cos( ) , v y (t * )    sin( ) .

Given the parameter values 0   2 , 0  0 , Fig. 4.4 shows the body’s
trajectory.
0 y(x)
–0,158
–0,317
–0,475
–0,634
–0,792
–0,95

x
–0,803

–0,402

0,402

0,803

1,2

1,61

Fig. 4.4. Phase plot of the pendulum

4.2. Assignments
Assignment 1. Attraction
Designing a new circus, the architects ask to specify all the attractions which
are included in the agenda. One of the attractions is as follows (Fig. 4.5). An
acrobat goes up a vertical ladder to the top of a wedge of length L which is a
narrow board that slopes downward uniformly at angle  . The acrobat starts
sliding down the wedge. The sliding down turns into a motion along an arc of a
circle of radius r . The sliding along the circle turns into a free fall above the
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surface of a pool. After the acrobat has touched the surface, they drown. Given that
the mass of the acrobat is m , find the minimum length of the pool, at which the
attraction is safe. Find the ground reaction force as well.

Fig. 4.5. Attraction
This problem consists of a few smaller problems which are solved one after
another. They are “sliding down”, “motion along the curve”, “free fall”,
“drowning”. Nevertheless we have the global coordinate system (X, Y), it is more
convenient to solve each problem in its own local coordinate system.
Model “Sliding down”. Let us choose the following coordinate system
depicted in Fig 4.6. In this coordinate system, one needs to write only the equation
of motion along the horizontal axis. The acrobat is under the action of the force of
gravity P  mg , the normal force N, the force of resistance R which is, for
instance, proportional to the square of the speed R  k 2mv2 . Hence, the equation
of motion along the x1 axis is written as:

d 2 x1
dx1
 g  sin( )  k 2 ( )2.
2
dt
dt
The equation of motion along the y1 axis is as follows:

d 2 y1
m 2  0  N  mg cos( ),
dt
from which the normal force N  mg cos( ) can be found.
Model “Motion along the segment of the circle”. Let us choose the local
coordinate system as shown in Fig. 4.7.

28

Fig 4.6. Local coordinate system, whose horizontal axis coincides with the line
along which the sliding happens
The y1 axis coincides with a “radius” of the circle, whereas the x1 axis
coincides with the tangent to the circle at the point where the acrobat is. φ is the
angle between the current and initial positions of the radius. The velocity’s
projection on the x1 axis is Vx1  r d , the acrobat is under the action of the force
dt
of gravity and the normal force. The equation of motion can be written as

m

dVx1
1 dv
 mg sin(   ). The equality m ( )2  N  mg cos(   ) holds. By
r dt
dt

rewriting the equations with respect to φ and taking into account that the motion
happens along the circle, we obtain

d 2
 g sin(   ),
dt 2
d
N  m( )2  g cos(   ).
dt

r

Friction is neglected in these equations.

Fig. 4.7. Motion along a curve
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Model “Free fall”. In this case we should return to the Cartesian coordinate
system (x1, y1) whose origin is where the pool begins.
The equations of motion neglecting air resistance are then as follows

d 2 x1
 0,
dt 2
d 2 y1
  g.
dt 2
Model “Drowning”. Let us write the equations of motion in the same
coordinate system, but direct the vertical axis downwards the pool and take into
account the water resistance which is proportional to the speed. The equations are
therefore
d 2 x1
dx1
 k
,
2
dt
dt
d 2 y1
dy1
 g k
.
2
dt
dt

Assignment 2. Machine with out of balance rotor
A varying force Q applied by a machine with an out of balance rotor acts on
the ground (Fig. 4.8). The Q force changes as follows: after each 50 seconds one
harmonic motion Q1  H1 sin 1t  is changed to another Q2  H 2 cos 2t  , where ,
H 2  3cm are the amplitudes of the disturbing force;  1  0.3s 1 ,  2  0.5s 1 are

the frequencies of the disturbing force.

Fig. 4.8. Machine with out of balance rotor
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Let q the position of the center of mass of the machine. Then we have the
following equations:

q  k 2q 

Q1
a

q  k 2q 

Q2
a

for the first harmonic motion and

for the second harmonic motion, where a  1s2 is the inertia coefficient, k  0.4s2
is the natural frequency of the machine.
At an initial time q  t0   q  t0   0 .
The value of q may exceed the critical value which leads to the machine
destroyed. Suggest that we can control the frequencies of the disturbing force .
Find out whether it’s possible to avoid the destruction, decreasing the frequencies
by 10%, once the absolute value of q exceeds. The process of changing of the
frequency takes 10 seconds.
Is it possible to control two machines with different parameters, k2  0.5 ?
The second machine starts in 10 seconds after the first one.

Assignment 3. Two pendulums
A system of two pendulums – a pendulum 1 and an inverted pendulum 2
(Fig. 4.9). The pivot point of the first pendulum harmonically vertically oscillates
so that its position as a function of time is y1  A cos 1t  , the pivot point of the
second pendulum harmonically vertically oscillates too so that its position as a
function of time is , A  2m is the peak amplitude, are the frequencies. Every 10
seconds the A value takes turns changing by 0.5 . The length of both pendulums
l  40m .
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Fig. 4.9. Two pendulums
Let 1 be the angle between the string of the first pendulum and its rest
position,  2 be the angle between the string of the second pendulum and its rest
position. 1 is governed by the equation

1  ( g 
l

A12
cos(1t ))1  0 .
l

The second pendulum oscillates according to

2  ( g 
l

A22
cos(2t ))2  0,
l

and, if A  2 gl , where g is the gravity of Earth, the pendulum eventually goes
to the steady state 2  0 .
Both pendulums are away from their rest position by 0.1 . The values of 1 ,

 2 are between 0 and 360 .
1. Model the system, ensure that you found the values of the model parameters
with which the second pendulum is stable, that is it eventually returns to its
rest position.
2. Imagine that the motion of the pivot points is forced by a machine which can
not work all the time, so it stops each 10 seconds for 1 second, that is during
this time the pivot points are not moving. Is the second pendulum still
stable? How did the motion of the first pendulum change?
In all the experiments, the first pendulum oscillates first, the second
pendulum starts oscillating only in 3 seconds after the beginning of the simulation.
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Assignment 4. Control system
In the room, there is a heater. The heater is switched off what causes the
progressive equalization of the temperature in the room and the temperature of the
environment C0 (e.g. 15C ). Now the heater is switched on generating control
signal u  U max (e.g. 5 kW). The temperature in the room begins to increase
approximately exponentially to the temperature Cmax (e.g. 25C ). The course of
the measured temperature in the room is shown in Fig. 4.10.

Fig. 4.10. Room temperature
When the heater is switched off the temperature decreases to the initial
temperature C0 due to some losses (through walls, windows etc.). By the aid of
Fig. 4.10 the small changes of the operating point, being defined by the
environment temperature, can be described by the following first order model
containing the dead time

T  temp1  K  u  temp1;
temp  temp1(t  Td );
C  C0
K  max
 2o C / kW ;
U max
T  1h; Td  0.2h,
where K means the gain, T is the time constant and Td is the dead time. where K
means the gain, T is the time constant and Td is the dead time. Though the
measured response does not show the pure dead time, the higher order overdamped systems can be satisfactorily approximated with the described model. It is
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supposed as well that the heating and cooling time constants are equal what
actually rarely happens in the practice.
Switching the heater on and off the temperature can be relatively well
maintained between C0 in Cmax, especially around the middle of the mentioned
range.
1. Use an ON-OFF controller (see [4]) to control the heater.
2. Consider the environment temperature changing over the time.
3. What if the heating and cooling times are?
4. What if the temperature sensor is located considerably far away from the
heater?

Assignment 5. Automatic gearbox
This problem is given in [6].
The automatic gearbox is a switched system with a discontinuous evolution
of the continuous state. State jumps occur together with controlled switching.
Automatic gearboxes are used to change gear ratios automatically. Consider
an automatic transmission with four gears. It consists (Fig. 4.11) of the gearbox
and a controller comprised of a continuous and a discrete-event part.

Fig. 4.11. Automatic gearbox
The gearbox and its controller interact dependent on the vehicle velocity
v  t  . The continuous inputs of the gearbox are the torque u  t   T  t  and the
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angular velocity   t  of the motor. Disturbances d  t  are inducted by the road,
e.g. by different coefficients of friction.
The automatic gearbox has four discrete modes q  t  , q  t  1,2,3,4 ,
which affect the continuous dynamics by changing the transmission ration pr  q  .
So each mode has its specific parameters pr  q  and the controller gain kr  q  ,
where pr 1  pr  2   pr  3  pr  4  holds. The mode is automatically changed by
the discrete inputs selected by the controller.
The continuous part of the controller consists of a PI-controller with the
integrator state TI  t  . To obtain a comfortable ride, restrictions are imposed on the
derivative of the acceleration v  t  which make it necessary to switch the
controller parameters kr  q  dependent on the gearing q  t  and to impose state
jumps in the integrator state whenever the gear is changed. In Fig. 4.12 the
switching scheme of the automatic gearbox is depicted.

Fig. 4.12. Hybrid automaton of the automatic gearbox
The gearbox is modeled here with only the velocity as a continuous state
variable

x(t )  (v(t ),TI (t ))T .
The transmission influences the torque T(t) and the angular velocity (t ) of
the motor according to
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Tw (t )  p(q)T (t )  p(q)u(t ),
w (t )  1  (t ),
p(q)

where Tw (t), w (t) are respectively the torque and the velocity of the wheels, and
p(q) denotes the transmission ration of the gearbox, which is obtained from the
ratio pr (q) by

pr (q) 

p(q)
,
r

where r is the wheel radius.
Applying Newton’s law of motion leads to the vehicle dynamics

mv(t )  F (t )  Fl (t )
and

v(t ) 

pr (q)u(t ) c
 v(t )2 sign v(t )  g sin(d (t )),
m
m

where m is the mass of the vehicle and the latter two terms represent the load force
Fl (t ) which is assumed to be proportional to the square of the velocity. The

disturbance d(t) is considered as the road angle.
A gear change should occur if   t  reaches a high or low limit high and

low respectively (Fig. 4.12). According to the relation (t)  pr (q)v(t) the limits
correspond to certain velocities of the vehicle. The mode shifts are given by the
switching sets

1
 },
pr (q) high
1
Sq1,q  {v  | v 
 },
pr (q  1) low

Sq,q1  {v  | v 

where Sq,q1 denotes a mode switch from mode q to q+1 and Sq1,q a mode shift
from mode q+1 to q.
The continuous PI-control law with a compensation of the nonlinearities is
given by

36

u(t )  TP (t )  TI (t ) 

c
v(t )2 sign v(t ),
pr (q)

with

TP (t )  kr (q)(vref (t )  v(t )),
TI 

kr ( q )
(vref (t )  v(t )),
TR

where TR is the integration time constant. Every time a new value of the set point
vref  t  is fixed by the driver, the integrator state TI  t  is put to zero (controlled

state jump).
The ride is comfortable if the acceleration is limited, which causes a
restriction of the gain kr  q  , and if restrictions on the derivative of the
acceleration

are

imposed.

If

kr  q 

takes

a

value

out

of

the

set

kr  q  kr 1 , kr  2  , kr  3 , kr  4  , no abrupt changes of v  t  and v  t  occur

due to a mode shift if
pr  q   kr  q   pr  q  1  kr  q  1 ,

pr  q   TI  tbefore   pr  q  1  TI  tafter  , mode change q  q  1,

pr  q   TI  tbefore   pr  q  1  TI  tafter  , mode change q  q  1 .

This is called bumpless transfer.
Model the system and simulate it using the parameters given in Fig. 4.13.

Assignment 6. DC-DC converter
This problem is given in [6].
The DC-DC converter is a switched system, where the controlled switching
is necessary for retaining its function of stabilizing the output voltage. The system
has to be stabilized at a limit cycle rather than in an equilibrium state.
Power converters are widespread industrial devices used, for example, in
variable-speed DC motor drives, computer power supply, cell phones, and
cameras. The main functional principle lies in switching an electrical circuit among
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different structures in order to transform a constant or slowly varying DC voltage
into a DC voltage that is independent of the load.

Fig. 4.13. Parameters for the automatic gearbox
Consider a boost converter, whose output voltage is higher than the input
voltage. The topology of a DC-DC boost converter is as given in Fig. 4.14. The
circuit consists of a load R , a capacitor C , an inductor L , a diode D , and a switch
S . It has a fixed input voltage E and a variable output voltage v  t  . In addition,
RC and RL represent the series resistors of the capacitor and the inductor.

In the on-state the switch is closed, resulting in an increase of the inductor
current iL  t  . In the off-state the switch is open. The only path for the current is
through the flyback diode, the capacitor and the load, and then the current ramps
down. The situation results in transferring the energy accumulated in the
inductance during the on-state into the capacitor. The process repeats cyclically,
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whereas the boost converter operates with the switching period TS and the duty
cycle d1  t  , which corresponds to the ration of activation duration of an on-state
mode to the period. The duty cycle is considered as the system input
u1  t   d1  t  0,1 .

Fig. 4.14. DC-DC converter
The boost converter is a hybrid system with the three operation modes

q(t ) {1,2,3}
summarized in Fig. 4.15. It is a second-order system with the continuous state
variables iL (t ) and v(t)

x(t )  (iL (t ) v(t ))T
The switching system of the converter expressed by an automaton is shown in Fig.
4.16, where n denotes the cycle index.

Fig. 4.15. Modes of the boost converter
If the current through the inductor never falls to zero the boost converter
operates in continuous conduction mode (CCM), in which the switch and the diode
are turned on and off in a cyclic and complementary manner and merely the modes
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q = 1 and q = 2 are accessible. Switching to the third mode occurs autonomously if
the current falls to zero (discontinuous conduction mode (DCM)).

Fig. 4.16. Hybrid automaton of the boost converter
The affine state-space model of the converter

x(t )  A(q) x(t )  B(q)
is given with the following matrices
q(t) = 1:
 RL

L
A(1)  
 0


1
B(1)   L  E.
0 
 



,

1


( R  RC )C 

0

q(t) = 2:
 1
RC R
)
  ( RL 
R  RC
 L
A(2)  
R


( R  RC )C



R

( R  RC )C 
,
1


( R  RC )C 



1
B(2)   L  E.
0 
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q(t) = 3:
0

0


A(3)  
1
,
0


( R  RC )C 

 0
B(3)    E.
 0

Model and simulate the system using the parameters given in Fig. 4.17.

Fig. 4.17. Values of circuit components

Assignment 7. Two populations
Consider two biological populations competing over food. Let it be bears
(whose number is N1 ) and wolves ( N 2 ).Provided enough food to fully meet the
populations’ needs, there are positive coefficients of the populations’ growths:

1  0.7month1 for bears and  2  0.9month1 or wolves. There are coefficients of
the populations’ voracities:  1  0.7kg 1 ,  2  0.9kg 1 , corresponding to the needs
for food of the populations.
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Let F  N1, N 2  be the amount of the food eaten by both the populations per
unit of time. Bears hibernate during the winter (3 months). So in the first case,
when both populations are active, F ( N1, N2 )  1N1  2 N2 , where 1, 2 are some
constant coefficients, and, when the bears are hibernating, F ( N1, N2 )  2 N2 . Let
1, 2 be equal to 0.01. Let

N1, N2

be equal to 10 and 20 at an initial time.

Then the evolution of the populations is described by the following
equations
dN1
 N1(1  1F ( N1, N2 )),
dt
dN2
 N2 ( 2   2 F ( N1, N2 )).
dt

Once the number of individuals from one of the populations is less than 1
(the last individual has just died), a timer starts counting downwards from T1  3
months for bears or T2  5 months for wolves. Once the timer stops, the number of
individuals from the populations changes to new initial value which is bigger than
1.
1. Model the system.
2. Model a system containing two not coupled ‘Two populations’ systems. The
second system is equal to the first one but it’s not bears and wolves but elks
and deer so their coefficients 1 ,  2 ,  1 ,  2 are different.

Assignment 8. Machines with leaf spring
A nonuniform periodical part of a road depicted in Fig. 4.18 is given. There
are two identical machines moving along the road. Each machine is a body
attached to a leaf spring attached to a wheel. The bodies have mass m  0.7kg . The
wheels constantly rotating with a constant horizontal velocity. The speed of the
first machine V1  0.9 m s , the speed of the second machine V2  1m s .
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Fig. 4.18. Machines with leaf spring
An element of the road which repeats is given as a function
y  h 1  e  x  , 0  x  1,
y  A1 cos  x  , A1  h 1  e   ,1  x  2,
y  A2 sin  x  , A2  A1 cos  2  , 2  x  4.

where h is the height of the horizontal part of the road, h  1 m;  is a parameter
defining the curvature of the road,   1; A1 and A2 are the amplitudes of the
oscillations, c  0.5kg / s 2 is the stiffness of the suspension systems of the
machines.
The differential equations defining the vertical oscillations ξ (not presented
at an initial time) of the center of mass of a machine moving with a constant speed
x  Vt are:

for the first type element of the road

   c   h 2V 2e Vt ,
m

for the second type element of the road
2
   c   AV
cos(Vt ),
1

m

for the third type element of the road
2
   c   AV
sin(Vt ).
2

m
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At an initial time, the first machine is located in the beginning of the road,
the second machine is located in the beginning of the first cosine part.
The motion of the machines is watched by a control system. If the distance
between the machines becomes less than L  0.2 , the speed of the machine
catching up is decreased by 50%. If the distance becomes less than Lk  0.1 , a
crash happens. If the distance exceeds Lb  1 , the speeds of the machines are
increased by 30%.

Assignment 9. Rigid plate in gas
There is a rigid plate of length l  5 m situated in a stream of gas (liquid),
whose velocity V  1m s is directed horizontally (Fig. 4.19).

Fig. 4.19. Rigid plate in gas
Assume that at initial time the plate is displaced from its rest position by
0.01o. Let the moment of inertia of the plate with respect to the joint axis I be 1 kg
m2. The equation of the angle can therefore be written as

I  (c0l  k y

V 2 b)l  0,
2

where c0  0.5kg / s2 is the spring coefficient, k y  0.5ms2 is constant aerodynamic
coefficient,   2kg / m3 is the gas density, b  1m is the distance to the joint axis
defining the point of the plate at which aerodynamic pressures act.
If c0l  k y V b  0 holds, there are oscillations with increasing magnitude,
2

2

otherwise the plate eventually return to its rest position under the action of the
aerodynamic force.
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1. Model the system. Adjust the system parameters, the plate to eventually
return to its rest position after the plate has been displaced.
2. Suppose that the plate is at rest at an initial time. The speed of the gas
(liquid) is increased by 50%, then decreased by 50%, and so on each 5
seconds. The density of the gas is changed the same way each 10 seconds.
At an arbitrary time, the plate is simultaneously displaced by 0.01 . Will
there by an accident? A situation is called the accident if the displacement of
plate (the angle between the plate and its rest position) becomes more than
45 .

3. Adjust the parameters, the system to work without accidents.

Assignment 10. Two masses on springs
There is a system of two masses m1  m2  1 kg and two springs whose
stiffness c1  c2  1 kg /s2 . The system is depicted in Fig. 4.20.

Fig. 4.20. Two masses on springs
A harmonic force Q changing each 20 seconds
 H1 sin t  ,
Q
 H 2 cos t  ,

where H1  1 m, H 2  1.5 m are the amplitudes of the oscillations,   2 s 1 is the
frequency of the oscillations, acts on the left mass.
Let x1 , x2 be the horizontal displacements of the masses from their rest
positions (the masses are not at rest at the beginnings of the simulations). We then
have the following equations of motion
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m1x1  (c1  c2 ) x1  c2 x2  Q,
m2 x2  c2 x1  c2 x2  0.
1. Model the system.
2. At an arbitrary time the frequency is changed by 25%. The frequency returns
to its initial value for 10 seconds. The simulation must be stopped if the
distance between the masses becomes less than 10% of the initial
distance L  3 or L  5 .

Assignment 11. Rod and pendulum
There is a weightless elastic rod of length l  5 m with flexural rigidity
EI  1 kg  m3 s 2 . A mass m  1 kg is attached to the lower end of the rod. The

upper end of the rod is secured and cannot move, the center of the rod is attached
to two walls via a bushing, so it can move (Fig. 4.21).

Fig. 4.21. Rod and pendulum
The distance between the walls s  l is not constant and changes each 30
seconds according to
 H1 cos t  ,
s
 H 2 sin t  ,

where H1  1.5 m, H 2  2 m – the amplitudes of the oscillations,   1 s 1 – the
frequency of the oscillations.

46

The frequency of the oscillations decreases and then increases by 40% each
20 seconds.
At its rest position, the mass is located at the vertical axis, and the rod is
straight. Once the system is disturbed, the mass deflects, the rod bends, so the
following motion is described by the differential equation

x

3 EJ
 x  0.
m  l  (l  s)2

At an initial time, the mass is deflected at a distance of x0  0.1 m. If
x exceeds the critical value xmax  3 , the rod is destroyed.

Model the system, find out whether it will be destroyed.

Assignment 12. Mass, beam, and spring
There is a mass m  1 kg attached to one end of a weightless rigid beam
(Fig. 4.22). Another end of the beam is connected to a wall via a hinge. The center
of the beam is attached to a non-moving platform with the aid of a spring. Let 2l
be the length of the beam, c0 be the spring constant,  be the angle between the
position of the beam and its rest position.

Fig. 4.22. Mass, beam, and spring
At an initial time, a single vertical blow with instant impulse S  2 N  s to
the mass is done. The speed of the mass instantly increases:

 |t 0  0,
 |t 0  S .
2ml

The motion of the system is described by the following equation
47

4m  c0  0.
In 25 seconds after the beginning of the oscillations, the mass is
simultaneously decreased by 50%.
When the  angle exceeds the limit value max 

s
, the system is
c0  m  l

instantly destroyed.
Model the system and find out whether it will be destroyed.

Assignment 13. Cork in water
There is a body in the shape of a parallelepiped made from cork floating in
water (Fig. 4.23). Let S  1 m2 be the area of its base, H  0.5 m be the height of
it. The body is immersed to the water to a small depth x0  5 cm and released then.
The body starts oscillating. Neglect the water viscosity. The motion of the cork is
described by the equation

x

w g x  0
c H

with the initial conditions

x |t 0  x0; x |t 0  0,
where w  1000kg / m3 is the density of water, c  200kg / m3 is the density of
cork, g is the gravity.

Fig. 4.23. Cork in water
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Suppose that there is one more container with water and a body inside. But
the second body’s initial speed is v0  1 m/s. Do not neglect the water viscosity in
the second container which is, for instance, Fv  rv, where r  1kg / s is the
coefficient. The cork oscillations in this system are described by the equation

x

 g
r
x w x 0
m
c H

with the initial conditions

x |t 0  0; x |t 0  v0 ,
where m is the mass of the cork.
1. Model the system and find out which body “jumps” higher.
2. Let the water in the first container change to mercury ( m  1360kg / m3 ) in 20
seconds and then turn back in water in 20 seconds and so on. Let the water
in the second container similarly transform to ethanol ( e  790kg / m3 ) each 25
seconds. Model the new system.

Assignment 14. Particle and ring
There is a particle of mass m  1 kg in the gravity field of a thin ring of mass
M  1020 kg and radius R  1 km (Fig. 4.24) At an initial time, the particle is

located at Q1 point at a distance of x0  R from the center of mass of the ring as
shown in the sketch.

Fig. 4.24. Particle and ring
If x  0.1R holds, the oscillation of x is described by the following equation

49

mx  

GM m
x.
R3

If x  0.1R holds, the oscillation is described by
mx  

GM m

R

2

x



2 3/2

x,

where G is the gravitational constant.
Let x0  1 m. Let the radius of the ring instantly increase and then decrease
by 10 times each 15 seconds. If the mass is 10 times farther than the initial radius
of the ring, the system is destroyed.
1. Model the system.
2. Model a system containing two uncoupled systems “mass-ring”. The second
system is similar to the first one but its radius changes by 5 times each 20
seconds.

Assignment 15. Piston and gas
There is a piston of mass m  10 kg which is located and can move inside a
long vertical tube in the shape of a cylinder (Fig. 4.25). The other end of the tube is
closed. The tube contains an ideal gas. The mass of the piston is considerably
greater than the mass of the gas. Neglect friction. The distance between the piston
and the base of the tube is l0  1000 m when in the rest position.

Fig. 4.25. Piston and gas
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The area of the cross-section of the tube the system is under normal pressure
p0  1 atm. At an initial time, the piston is moved from its rest place x

l0 away.

It results in the piston oscillations which are described by the following equations:
- if

p0  0 , then
mx 

mg  p0 S
x0
l0

- if p0  0 , then
g
l0

x  x  0,
where g is the gravity.
Let x  1 . Atmospheric pressure is decreased to 80% of its initial value in 10
seconds, then it returns to its initial value in 10 seconds and so on.
1. Model the system.
2. Model a system containing two uncoupled systems “Piston-gas”. The second
system is similar to the first one, but its piston has different mass m  m
and the area of the cross-section of the tube S   S .

4.3. Sample assignment
We model a system including an elastic surface, a mass m and a spring with
coefficient k located on the surface. The dry friction force acts on the body (Fig.
4.26).

Fig 4.26. System with dry friction
In describing the phenomena of dry friction, the Amonton-Coulomb law is
most widely used, in which the concept of the friction coefficient ktr is used as the
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ratio of the frictional force Fc to the force of pressing the body against the friction
surface (normal pressure force) P . Then Fc  ktr  P .
However, even in the XIX century it became clear that the coefficient of
friction is not a universal characteristic. In 1902, the German scientist Richard
Stribeck published data showing that in the case of dry friction, the frictional force
gradually falls from the value of the static friction force to the Coulomb force
along a certain curve. This phenomenon is called the Stribeck effect. Thus, the
dependence of the dry friction force on the velocity is as show in Fig. 4.27, where
Fs is the static friction force, Fc is the Coulomb force.

Fig. 4.27. The dependence of the dry friction force on the velocity
In the system under consideration, one end of the spring is attached to the
body, and the other moves at a constant speed V p . When the spring is stretched, an
elastic force k  x ( x is the displacement of the spring), which tends to move the
body from its rest position. But the body start moving only after the elastic force
exceeds the static frictional force ( k  x  Fs ), after which the body begins to "slide"
at a speed V along the surface. Now it is under the action of a sliding resistance
force that is less than the static frictional force. There is a positive difference in
forces that accelerates the body. The spring begins to contract, and the elastic force
it creates decreases. The speed of the motion of the body decreases, and eventually
it stops and "sticks" to the surface. Thus, the modes of "sliding" and "sticking"
periodically change in the system. Consequently, the nature of the motion of the
body is oscillatory; the stages of rest and movement periodically change each
other. This motion is called frictional self-oscillation, because it is generated by
friction and is an internal property of the system. The external action, that is
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movement of the rope, is not oscillation. It compensates for energy losses in the
sliding contact and provides undamped oscillations.
Thus, the phases (modes) of rest and motion are identified. The mode of
motion in turn is divided into motion at low velocities, when the Stribeck effect
occurs, and motion, when the Amonton-Coulomb law applies.
In the mode of rest, the body is not moving and the spring stretching at a
speed V p . Then, the formula of the spring displacement x is
dx
 Vp .
dt

The system is at rest, while the elastic force of the spring does not exceed
the static frictional force k  x  Fs ; after the body starts moving in the direction of
the elastic force. The equations in the motion mode are
dx
dV k  x  F (V )
 Vp  V ;

;
dt
dt
m

where F is the friction, a function of the velocity. The dependence F(V) is given in
Fig. 4.27.
The motion continues until the velocity becomes zero, V  0 .
When the system was simulated, parameters’ values m  1 , k  2 , Vp  2 ,
ktr  0.6 , Fs  5.88 , V0  1 were used. The results are given in Fig. 4.28, where x

is the displacement of the spring, V is the velocity of the body, F is the friction.

Fig. 4.28. Simulation results
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5. Which assignments should I carry out?
A set of assignments for a certain mini project is determined by using Table
5.1 according to the project number given you.
Table 5.1 – Assignments per project number
Project
number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Part 1
1
2
3
4
5
6
7
8
9
10
11
12
1
2
3
4
5
6
7
8
9
10
11
12
1
2
3
4
5
6

Assignment number
Part 2
1.a
1.b
1.c
1.d
1.e
1.f
1.g
1.h
1.i
1.j
2.a
2.b
2.c
2.d
2.e
2.f
1.a
1.b
1.c
1.d
1.e
1.f
1.g
1.h
1.i
1.j
2.a
2.b
2.c
2.d

Part 3
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
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